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Abstract. A A-graph system £ is a generalization of a finite labeled graph and 
presents a subshift. We will prove that the topological dynamical systems (Xg 1 , cr£ 1 ) 
and (X£ 2 ,<7£ 2 ) for A-graph systems £1 and £2 are continuously orbit equivalent if 
and only if there exists an isomorphism between the associated C* -algebras Os, 1 
and 0£ 2 keeping their commutative C*-subalgebras C{X^ 1 ) and C{X^ 2 ). It is 
also equivalent to the condition that there exists a homeomorphism from X% 1 to 
Xg 2 intertwining their topological full inverse semigroups. In particular, one-sided 
subshifts X\ x and X\ 2 are A-continuously orbit equivalent if and only if there exists 
an isomorphism between the associated C*-algebras Oa 1 and 0\ 2 keeping their 
commutative C*-subalgebras C{X\ 1 ) and C(X/^ 2 ). 



1. Introduction 

H. Dye has initiated to study of orbit equivalence of ergodic finite measure pre- 
serving transformations, who proved that any two such transformations are orbit 
equivalent ([D], [D2]). W. Krieger [Kr] has proved that two ergodic non-singular 
transformations are orbit equivalent if and only if the associated von Neumann 
crossed produtcs are isomorphic. In topological setting, Giordano-Putnam-Skau 
[GPS],[GPS2] (cf.[HPS]) have proved that two Cantor minimal systems are strong 
orbit equivalent if and only if the associated C*-crossed products are isomorphic. 
In more general setting, J. Tomiyama [To] (cf. [BT], [To2] ) has proved that two 
topological free homeomorphisms (X, cf>) and ( Y, ijj) on compact Hausdorff spaces are 
continuously orbit equivalent if and only if there exists an isomorphism between the 
associated C*-crossed products keeping their commutative C*-subalgebras C(X) 
and C(Y). He also proved that it is equivalent to the condition that there exists 
a homeomorphism h : X — > Y such that h preserves their topological full groups. 
Orbit equivalence of continuous maps on compact Hausdorff spaces that are not 
homeomorphisms are not covered by the above Tomiyama's setting. The class of 
one-sided subshifts is an important class of topological dynamical systems on Can- 
tor sets with continuous surjections that are not homeomorphisms. The one-sided 
topological Markov shifts is a subclass of the class. The associated C*-algebras to 
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the topological Markov shifts are known to be the Cuntz-Krieger algebras. In the 
recent paper [Ma5], the author has shown that similar results to the Tomiyama's 
results hold for one-sided topological Markov shifts. He has proved that one-sided 
topological Markov shifts (Xa, o~a) and (Xb, o~b) for matrices A and B with entries 
in {0, 1} are continuously orbit equivalent if and only if there exists an isomor- 
phism between the Cuntz-Krieger algebras Oa and Ob keeping their commutative 
C*-subalgebras C(Xa) and C(Xb) ( Note that the term "topological "orbit equiv- 
alence has been used in [Ma5] instead of "continuous "orbit equivalence). It is also 
equivalent to the condition that there exists a homeomorphism from Xa to Xb 
intertwining their topological full groups [<ja]c and [ctb] c - 

In this paper we will extend the above results for one-sided topological Markov 
shifts to the class of general one-sided subshifts. A A-graph system £ is a generaliza- 
tion of a finite labeled graph and presents a subshift. It yields a topological dynam- 
ical system (Xz,o~z) of a zero-dimensional compact Hausdorff space Xz with shift 
transformation o~z, that is a continuous surjection and not a homeomorphism. The 
C*-algebra Oz is associated with the dynamical system (Xz, o~z) such that C{Xg) 
is naturally embedded into Oz as a diagonal algebra of the canonical AF-algebra 
Tz inside of Oz- We will prove that the topological dynamical systems (Xz x , cr£ 1 ) 
and (Xz 2 , &z 2 ) f° r A-graph systems £1 and £2 are continuously orbit equivalent if 
and only if there exists an isomorphism between the associated C*-algebras Oz 1 
and Oz 2 keeping their commutative C*-subalgebras C(Xz 1 ) and C(Xz 2 )- It is also 
equivalent to the condition that there exists a homeomorphism from Xz x to Xz 2 in- 
tertwining their topological full inverse semigroups [ocjsc and [<7£i]sc- Let X\ ± and 
Xa 2 be the right one-sided subshifts for two-sided subshifts Ai and A 2 respectively. 
We in particular show that two one-sided subshifts Xa 1 and Xa 2 are A-continuously 
orbit equivalent if and only if there exists an isomorphism between the associated 
C*-algebras 0\ 1 and Oa 2 keeping their commutative C*-subalgebras C(X\ 1 ) and 
C(X\ 2 ), where Oa 1 and 0\ 2 are the C*-algebras associated with subshifts ([Ma], 
cf. [CaM]). 

Let [<Jz]c be the topological full group of (Xz, <Jz) whose elements consist of 
homeomorphisms r on Xz such that r(x) is contained in the orbit orb as .(x) of x 
under az for x G Xa, and its orbit cocycles are continuous. If £ comes from a finite 
directed graph and hence Xz is a topological Markov shift, then the topological full 
group is large enough to cover orbits of x G Xz- However if £ does not come from 
a finite graph, the topological full group is not necessarily large enough to cover 
orbits of Xz- To obtain enough informations of orbit structure of (Xz, &z), we need 
to enlarge [(Jz]c to topological inverse semigroup [cr£] sc whose elements consist of 
partial homeomorphisms r on Xz such that t(x) is contained in orb a& (x) for each 
x in the domain of r. Let us denote by T>z the commutative C*-subalgebra C(Xz) 
of Oz- The corresponding object to the inverse semigroup [az]sc is the normalizer 
semigroup N s (Oz,T>q) of T>z in Oz whose elements consist of partial isometries v 
of Oz such that vVzv* C T>z and v*T>zv C T>z- Then we will show that the exact 
sequence 

l^U{Vz) — ► N s {Oz,Vz) — > [az]sc — > 1 

of semigroups holds so that the following theorem will be proved: 

Theorem l.l(Theorem 5.7). Let £1 and £2 be X-graph systems satisfying con- 
dition (I). The following are equivalent: 

(1) There exists an isomorphism ^ : Oz x — > Oz 2 such that ^ r (I>£ 1 ) = T>z 2 - 
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(2) (X£ 1 ,<7£ 1 ) and (X£ 2 ,cr£ 2 ) are continuously orbit equivalent. 

(3) There exists a homeomorphism h : Xg 1 — > X£ 2 smc/i £/ia£ ho [crej^ o = 

Let A be the subshift presented by a A-graph system £ and (Xa,o"a) the right 
one-sided subshift for A. There exists a natural factor map : (X£,o~q) — > 
(X\, a \). It induces an inclusion C(X\) C(Xq). We regard the algebra C(X\) 
a subalgebra Da of Vq and of 0£. We say that two factor maps 7r A * and 7r A ^ are 
continuously orbit equivalent if there exist homeomorphisms h% : Xq 1 — > Xq 1 
and hA '■ Xa ± — > Xa 2 such that o h% = /ia o n A ^ and there exist continuous 
functions ki,l\ : X^ — > Z + and k2,h '■ X% 2 — > Z + such that 

o * £l {x)) = a l £ x \hz{x)\ x G X £l , 

4f \h~z 1 oazM) = °t\ h tiy)\ y e x £2 . 

Then we will prove 

Theorem 1.2 (Theorem 6.6). Let £i anrf £2 &e X-graph systems satisfying con- 
dition (I) and Ai anrf A2 i/ieir respect subshifts. The following are equivalent: 

(i) There exists an isomorphism ^ : Oz x — ► Oq 2 such that \I/(:X) Al ) = Qa 2 - 

(ii) The factor maps 7r A * and are continuously orbit equivalent. 

(iii) There exist homeomorphisms h% : Xq 1 — > Xq 2 and hA '■ Xa 1 — > Xa 2 
such that t^a 2 h% = hA 7r A * an< ^ ^£ [c£i]sc o h^ 1 = [a£ 2 ] sc . 

Let £ A be the canonical A-graph system for A (see [Ma2]). Then the C* -algebra 
Oa coincides with the algebra O^a . The natural inclusion t : Xa X & a induces 
a new topology on Xa- The topological space is denoted by Xa- Two subshifts 
(X Al ,cr Al ) and (Xa 2 ,o~a 2 ) are said to be X- continuously orbit equivalent if there 
exist a homeomorphism h : X\ x — > Xa 2 , and continuous functions k\, l\ : Xa 1 — > 
Z + and &2, h '■ Xa 2 — > Z + such that h is also homeomorphic from X\ 1 onto Xa 2 
such that 

a k A f\hoa Al (a)) = ^ a) (h(a)), a G X Al , 
a^ih-'oaAM) = a l ^\h-\b)\ b G X A2 . 

Then we will prove 

Theorem 1.3(Theorem 7.5). Let Ai and A 2 be subshifts satisfying condition (I). 
The following are equivalent: 

(1) There exists an isomorphism ^ : Oa x — ► Ok 2 such that ^(S)ai) = ®A 2 - 

(2) The subshifts (X\ t , uaJ and (X\ 2 , o"a 2 ) are X- continuously orbit equivalent. 

The theorem is a generalization of a result in [Ma5] for topological Markov shifts. 

The results of this paper will be generalized to more general groupoid C*-algebras 
in a forthcoming paper [Ma6]. Throughout the paper, we denote by Z + and N the 
set of nonnegative integers and the set of positive integers respectively. 
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2. Preliminaries 



Let £ = (V, E, A, t) be a A-graph system over E with vertex set V = Ui e z + Vi and 
edge set E = Lii e z + Eij +1 that is labeled with symbols in E by a map A : E — > E, 
and that is supplied with surjective maps l(= 11,1+1) : Vi+i — > V; for / G Z+. Here 
the vertex sets Vj,Z G Z + are finite disjoint sets. Also Eij+i,l G Z_|_ are finite 
disjoint sets. An edge e in E^i + i has its source vertex s(e) in V\ and its terminal 
vertex t(e) in Vz+i respectively. Every vertex in V has a successor and every vertex 
in V\ for / G N has a predecessor. It is then required that there exists an edge in 
Eij+i with label a and its terminal is v G Vi+i if and only if there exists an edge 
in Ei_\j with label a and its terminal is t(v) G V/. For it G V/_i and v G V/ + i, put 

£>, v) = {e G | £(e) = t(s(e)) = u}, 

E L (u,v) = {e G | s(e) = u,t(e) = t(v)}. 

Then we require a bijective correspondence between E L (u,v) and E L (u,v) that 
preserves labels for each pair of vertices u, v. We call this property the local property 
of £. We henceforth assume that £ is left-resolving, which means that t(e) 7^ £(/) 
whenever A(e) = A(/) for e, f E E. 

Let be the compact Hausdorff space of the projective limit of the system 
: Vi + i — > Vi,l G Z + , that is defined by 

Oc = {(*>')iez + e J] ^ I ti,i+i(t; ,+1 ) = i; I ,/eZ + }. 

Z6Z + 

An element v in f^£ is called an t-orbit or also a vertex. Let Eg be the set of all 
triplets (u,a,v) G fi £ x E x £ , where u = (u l )i e z + ,v = (v l )i e z + G such that 
for each / G Z + , there exists e^+i G -E^z+i satisfying 

m 1 =s(ei,j+i), = *(ei,/+i) and a = A(e Ji i + i). 

Then the set -Eg C x E x fi£ is a zero-dimensional continuous graph in the 
sense of Deaconu ([Ma4;Proposition 2.1],[De],[De2],[De3],[De4]). It has been also 
studied in [KM] as a Shannon graph. Following Deaconu [De2] and Krieger [Kr2], 
we consider the set Xq of all one-sided paths of Eg: 

Xq = {(a n , w n ) n6N G J J (E x fi £ ) I (u n , a n+1 , u n+1 ) G E £ for all n G N 

n6N 

and (uo, a±, u±) G E% for some Uq G £ }. 

The set Xg becomes a zero-dimensional compact Hausdorff space under the relative 
topology from the infinite product topology of E x For x = (a n , -u n ) n6 N G 

X £ , the vertex no G £ satisfying (/uo> ai> ui) £ ^£ is unique because £ is left- 
resolving. We denote it by uq(x). The shift map oz : (a n ,-u n ) n6 N £ Xz - *■ 
(ct n +i, «n+i)n6N G X £ is a local homeomorphism by [Ma4;Lemma 2.2]. We have 
a topological dynamical system (Xg, cr £ ) of a compact Hausdorff space Xq with a 
continuous surjection o"£. The set 

-^A = {("n)n6N G E N | (o! n , "U n ) n6 N £ Xq} 
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becomes the right one-sided subshift for the subshift A presented by £ with shift 
transformation a a defined by 



0"A((ttn)n6N) — K+l)n6M, K)n6N € ^A- 

The factor map 

7Ta : (« n , -U n ) n6 N £ — >■ («n)n£N £ -^A 

is a continuous surjective map satisfying 

7TA ° °£ = °"A O 7Ta- 

A word [i = Hi ■ ■ ■ Hk for G E is said to be admissible for Xa if H appears 
in somewhere in some element a in X^. We denote by Bk{X^) the set of all 
admissible words of length k G N, where Bo(-Xa) means the empty word 0. We set 
B*(X\) = W^ =0 Bk(X/C)- For a = (a n ) n6 N £ -X"a and positive integers k,l with < 
/, we put the word ci[k,i] = (ctfc> Ofc+i, . . . , a/) G -E?z_fc+i(XA) and the right infinite 
sequence a^oo) = ( a fc> a>k+i, • ■ ■ ) £ -Xa- Similarly we use the notations Bk(Xz) 
defined by the set {(a n ,u n ) n=1 | {a n ,u n ) ne n G Xq} and x [fc>Z ] = (x k , ■ ■ ■ , xi) for 
x = (x n ) ne n G Xq. 

Let us now briefly review the C*-algebra associated with A-graph system 
£. The C* -algebras are generalization of the C* -algebras associated with sub- 
shifts ([Ma4], cf.[CM]). We denote by {v[, . . . ,v l m ^} the vertex set Vj. Define 
the transition matrices A^i + i, Iij+i of £ by setting for i = 1, 2, . . . , m(l), j = 
l,2,...,m(Z + l), a G E, 



Ai jt+l (i,a,j) = | 



1 if s(e) = uj, A(e) = a,t(e) = Vj 1 for some e G -E^z+i, 

otherwise, 

1 if tl> , +1 (t/J +1 ) = t/<, 
otherwise. 

The C* -algebra is realized as the universal unital C*-algebra generated by 
partial isometries S a ,a G E and projections E\,i = 1,2, ... ,m(l), I G Z + subject 
to the following operator relations called (£): 

(2-1) S « S *« = 

m(l) m(l+l) 

(2-2) = E\= Ii,i + i(iJ)El + \ 

i=l j=l 

(2.3) SpSpE\ = E\SpS*p, 

m(l+l) 

(2-4) S;ElS p = A hl+1 {i,(3,j)E l +\ 

3 = 1 

for P G E, z = 1, 2, . . . ,m{l), I G Z + . It is nuclear ([Ma4;Proposition 5.6]). For a 
word ii = jJL\ ■ ■ ■ fik G B k {XjCj, we set = ■ - •S' Mfe . The algebra of all finite 
linear combinations of the elements of the form 

S»E\St for n,veB*(X A ), i = 1, . . . , m(Z), / G Z + 
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is a dense *-subalgebra of Oq. Let us denote by A& the C*-subalgebra of Oq 
generated by the projections E\, i = 1, . . . , m(l), I G Z + . By the universality of the 
algebra Oq the algebra is isomorphic to the commutative C* -algebra C(Qq) of 
all complex valued continuous functions on O^. We define C*-subalgebra T l k with 
k < I, that is a finite dimensional algebra generated by S^E^S*, p,u G Bk(X\), i = 
l,...,m(/). Denote by JF £ the AF-subalgebra of 0£ generated by \Jk,i^i- For a 
vertex G V/, put 

r + (^) = {(«i, a 2, • • • , ) G S N | there exists an edge e n , n +\ G E nj7l+ i for n > / 
such that uj = s(e M+ i), t(e n>n+ i) = s(e n+ i ;n+2 ), A(e n , n+ i) = a n _z+i} 

the set of all label sequences in £ starting at v\. We say that £ satisfies condition (I) 
if for each v\ G V, the set T + (v l i ) contains at least two distinct sequences. Under the 
condition (I), the algebra can be realized as the unique C* -algebra subject to 
the relations (£) ([Ma4; Theorem 4.3]). A A-graph system £ is said to be irreducible 
if for a vertex v G Vi and an t-orbit x = (xi)i e z + G O^, there exists a A-path 
starting at v and terminating at xi + n for some N E ~N. If £ is irreducible with 
condition (I), the C*-algebra C £ is simple ([Ma4;Theorem 4.7]). 

Let Vq be the C*-subalgebra of Tz generated by S^E^S*, p G B^(X\),i = 
1, . . . ,m(l),l G Z_|_ and Da the C*-subalgebra of Vq generated by S^S*, p G 
B*(Xa)- For fj, = fi\ ■ • ■ fik G Bk(X\) and v\ G Vi, we set the cylinder set 



of Xq where Uk = (u l k )i e z + G fig. Let xu t denote the chracteristic function 

on Xq for the cylinder set U^ v i. Then the correspondence S^E^S* G T>£ < — > 
Xt/ , G C(X £ ) yields an isomorphism between T>£ and C(X £ ). Similarly let 

Ufj, = {(a n ) n6 N £ -^A I a i = A t i?---? a fc = A* A;} be the cylinder set of Xa- The 
correspondence S^S* G Da < — ► G C(-Xa) yields an isomorphism between Da 
and C(X A ). 

By the universality for the relations (£), the correspondence S a — > e^~^ t S a , a G 



E, E\ — ► E\, i = 1, . . . , m(Z), / G Z + for e^* G T = {e^* | t G [0, 2tt]} gives 
rise to an action p : T — > Aut((9e) called gauge action. The fixed point algebra of 
0£ under p is the AF-algebra J r £. We denote by E : Oq — > .7\c the conditional 
expectation defined by -E'(a) = J T pt(a)dt for a G 0£. 
The following lemma is basic in our further discussions. 

Lemma 2.1( [Ma3;Proposition 3.3], cf.[CK;Remark 2.18]). Suppose that £ 
satisfies condition (I). Then we have D\ fl Oq = T>£ and hence T>£ n 0£ = X>£. 

This means that the algebra T>£ is maximal abelian in Og. 

Proof. The proof of Da'HC^c = T>£ is completely similar to the proof of [Ma3; Proposition 
3.3]. Since V z C n O z C D A n £>£, we have P £ ' n C £ = £>£. □ 

In [Ma5], a representation of the Cuntz-Krieger algebra Oa on a Hilbert space 
having the shift space Xa as a complete ort honor mal basis has been used. Let us 
generalize the representation to the C*-algebras as in the following way. Let f)£ 
be the Hilbert space with its complete orthonormal system e x , x G Xq. The Hilbert 




{(a n ,u n ) e X £ \a 1 = p, 1 ,...,a 1 = p k ,u k = vj 
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space is not separable. Consider the partial isometries T a : — * f)£,a G £ and 
projections P\ : $)z —> i = 1, • • • , "7,(0 defined by 



e y if there exists an t-orbit «_i e fie! (n_i, a, «o(^)) G Pe, 
otherwise 



where y = ((a, u (a;)), («i, tti), («2, «2), • • • ) e ^£ for a; = ((«i, iti), (a 2 , "2), • • • ) e 
Xq and 

e x if i/oCx)' =uj, 
otherwise 



P l e - 



where u (x) = (u (x) l )i &z+ G £ . 

Lemma 2.2. TTie partial isometries T a , a G £ and t/ie projections P[ , i = 1, . . . , m(7) 
on t/ie Hilbert space Sjq satisfy the relation (£). Hence if £ satisfies condition (I), 
the correspondence S a — > T Q and P* — > gii> es rise to a faithful representation of 
the C* -algebra Oz on 

We call it the universal shift representation of Oq on In what follows, we 
assume that £ satisfies condition (I) and regard the algebra Oq as the C* -algebra 
generated by T Q , a G S and P/, i = 1, . . . , m(/) on the Hilbert space fje- 

3. Topological full inverse semigroups 
For x = (x n ) n6 N G Xq, the orbit orb a& (x) of x is defined by 

orft^Cx) = U^ =0 U^ a" fc (4(x)) C X a . 

Hence y = (y n )ne^ e -^Cc belongs to orb aa (x) if and only if there exists a a finite 
sequence z\ ■ • • G Bk(X^) such that 

n = (z 1 , ...,z k , x l+1 ,xi+2, ■■■) for some k, I G Z+. 

We denote by Homeo(Xe) the group of all homeomorphisms on Xe. We define the 
full group [ere] and the topological full group [cre] c for (Xe,cre) as in the following 
way. 

Definition. Let [ere] be the set of all homeomorphism r G Homeo(Xe) such that 
t(x) G orb a& {x) for all x G X £ . We call [ae] the full group of (Xe,cre)- Let [o-£] c 
be the set of all r in [ere] such that there exist continuous functions k, I : X% — > Z + 
such that 

(3.1) erj (x) (r(^)) = ^(s) for a11 x e X z- 

We call [crQ\ c the topological full group for (Xg, ere). 

If a subshift is not a sofic shift, the full groups are not necessarily large enough to 
cover the orbit structure. Hence to study of orbit structure of general subshifts, we 
will extend the notion of full groups to full inverse semigroups as in the following 
way. Let r : U — > V be a homeomorphism from a clopen set U C Xq onto a 
clopen set V C Xq. We call r a partial homeomorphism. Let us denote by X T 
and Y T the clopen sets U and F respectively. We denote by PH(Xq) the set of all 
partial homeomorphisms of X%. Then PH(Xq) has a natural structure of inverse 
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semigroup (cf. [Pat]). We define the full inverse semigroup [cr £ ] s and the topological 
full inverse semigroup [cr,e] sc for (Xg, erg) as in the following way. 
Definition. Let [o~q] s be the set of all partial homeomorphisms r G PH(Xq) such 
that t(x) G orb as ,(x) for all x G X T . We call [cra] s the full inverse semigroup of 
(Xz^az). Let [ctq}sc be the set of all r in [<7q] s such that there exist continuous 
functions k, I : X,- — > Z + such that 

(3.2) a k £ {x) (r(x)) = a^ x \x) for all x G X T . 

We call [cruise the topological full inverse semigroup for (X £ ,o-£). The maps fc, / 
above are called orbit cocycles for r, and sometimes written as k T ,l T respectively. 
We remark that the orbit cocyles are not necessarily uniquely determined for r. It 
is clear that [o"£] s is a subsemigroup of PH(Xq) and [o"£] sc is a subsemigroup of 
[<7£] c . Although <j£ does not belong to [cre] sc , the following lemma shows that cr£ 
locally belongs to [<7£] sc , and that [a"£] sc is not trivial in any case. 

Lemma 3.1. For any \i = (/ti, . . . , fik) G B k {Xx) and v\ G Vi with 2 < k < I, 
there exists r^y G [o~£] sc such that 

(3.3) T^yXx) = oa(x) for x G U^ v i. 

Proof. Put v = (fj,2, . . . , Hk) G Bk_i(X/s). Then the map t„ v i : U„ v i — > U vv i 
defined by t^ v i(x) = ctq(x) for x G U^y is a partial homeomorphism, and it 
belongs to [a a ] sc . □ 

Lemma 3.2. For x = (x n ) n6 N G ^£ with x n = (a n , u n ), n G N, p«£ ito = uq(x) G 
0£. Let «o 6 S fe c symbol such that (a n _i, w n _i) n6 N G Xg. T7ien t/iere exists 
t £ [c"£]sc wt/i a clopen set X T C swc/i i/mi x G X T and r(y) = (y n _i) n6 N for 
all y = (y n )nen e ^t, w/iere y = («o, «o(y))- 

Proof. Let X r be the clopen set for /j, = a\a 2 G B 2 (Xa) and = tt| G V2, 

where w-2 = (f4)zez + G 2 , so that a; belongs to X T . One has (y n _i) n6 N £ Xe 
for (y n )nen G X T , where y = («o,«o(y))- By setting r(y) = (y n _i) n6N for y = 
(Vn)neN G X £ , we have cr £ (r(y)) = y for y G X r so that r G [a£] sc . □ 

For a; G Xg, put [cr£] sc (x) = {r(x) G X 2 | r G [o~£] sc with X T 9 x}. 

Lemma 3.3. [o"£] sc (x) = orb a& {x). 

Proof. For any r G [o~£] sc with X r 9 x, one sees r(x) G orb as (x) and hence 
[ (T £]sc(2 ; ) C orb a& (x). For the other inclusion relation, by the previous lemmas, for 
x = (x n ) n6 N G Xq and Xo = («o, uo(x)) G £ x 2 , there exist ri, T2 G [ct£] sc such 
that 

ri(x) = (x n _i) n6N , r 2 (x) = (x n+ i) n6N G X & 

so that both (a; n _i) n6 N and (x n +i) n6 N belong to [o"£] sc (x). Since [cx£] c is a semi- 
group, one sees that 

[o-q]sc(x) 3 {X-k, • • • , X , X/+2, • • • , ) 

for all k,l E Z+ with (x_fc, • • • , X-i, xo, xj+i, #z+2, . . . ) G X £ . Hence [cr£] sc (x) D 
orb aa {x). □ 
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4. Full inverse semigroups and normalizers 

Let us denote by U{Oz) the group of unitaries of Oz and U{Vz) the group 
of unitaries of T>z respectively. As in [Ma5], the topological full group \o~z\c will 
correspond to the normalizer N{Oz, T>z) of T>z in Oz defined by 

N(0 2 , V & ) = {ve U{Os) | vV £ v* = Vz}. 

For the topological full inverse semigroup [o~£] sc , we will define the normalizer 
N s (Oq : Vq) of partial isometries as in the following way: 

N s (Oq,T>q) = {v E Oz | v is a partial isometry ;vVqv* C £>£, v*Vqv C Vq}. 

It is easy to see that N s (Oz,T>z) has a natural structure of inverse semigroup. 
We will identify the subalgebra T>z of Oz with the algebra C(Xq). For a partial 
isometry v G Oz, put Ad(v)(x) = vxv* for x G Oz- The following proposition 
holds. 

Proposition 4.1. For r G [o~£] sc , i/iere errisis a partial isometry u T G iV s (0£, Pg) 
such that 

Ad{u T )(f) = f o r" 1 /or / G C(X T ), Ad«)(a) =pr /or g G C(Y r ), 

and £/ie correspondence r G [o~£] sc — > u T G N s (Oz,T^a) is a homomorphism of 
inverse semigroup. If in particular r G [o~z\c, the partial isometry u T is a unitary 
so that u T G N(Oz,T>z). 

Proof. Let the C*-algebra Oz be represented on the Hilbert space S)z with complete 
orthonormal basis {e x | x G Xz}- Put the subspaces 

£>x T = span{e x \ x G X T }, S) Yt = span{e x \ x G Y T }. 

Since r : X,- — ► Y r is a homeomorphism, the operator u T : Sjx T — ► £)y t defined by 
« T (e x ) = e T (jj.) for x G X T yields a partial isometry on S)z- By a similar manner to 
the proof of [Ma5:Proposition 4.1], one knows that u T belongs to N 8 (Oz, T>z). □. 

For v G N s {0 z-i'Ds,), put the projections p v = v*v,q v = vv* in T>z, and the 
clopen subsets Let X v = supp(p v ),Y v = supp(g„) of Xz- Then Ad(v) : T>zp v — > 
T>zq v is an isomorphism and induces a partial homeomorphism r v : X v — > Y v such 
that 

Ad(v)(f) = f o r- 1 for / G C(X V ), Ad(v*)(g) = g o r v forge C(Y V ). 

We will prove that t v gives rise to an element of [<7£] sc . Since the proof basically 
follows a line of the proof of [Ma5:Proposition 4.7], we will give a sketch of the 
proof. Fix v G N s (Oz,T)q) for a while. 

Lemma 4.2. 

(1) There exists a family v m ,m G Z of partial isometries in Oz such that all 
but finitely many v m , m G Z are zero, and 

(!) v = Emez 11 ™ : fi nite sum - 

(2) v m Vm are projections in T>z for m G Z. 

(3) i; m Z>ct4 C ©£ and <P £ v m C V z for meZ. 

(4) i^v m / = v m v* m , =0form^m'. 

(5) !i ^£. 
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(ii) For a fixed n G N, there exist partial isometries v^,V-^ G Tz for each 
p G B n (X\) satisfying the following conditions: 

(1) v n = E M es„(x A ) S^vp and v_ n = E m6 b„(x a ) v -^- 

(2) v*v^, S^v^v^S*, S^v^^V-^S* and v-^v^^ are projections in Vq such that 

M 6B„(X A ) fiEB n (X A ) 

M 6B rl (X A ) fieB n (X A ) 

(3) v^v* = v*_^v- v = for p,v G B n (X A ) with p^v. 

(4) The algebras v^Vqv^v^Vqv^^V-^Vqv^^ and v^L^DqV-^ are contained in 



Proof, (i) Put a partial isometry g{t) = v* p t (v) G Oq for t G T. For / G £>£, it 
follows that Pt(v)fp t (v)* = p t (vfv*) = vfv* and hence 

(/(*)/ = v'ptWfptWptiv) = v*vfv*p t (v) = fg(t) 

so that g(f) commutes with each element of £>£. By Lemma 2.1, g(t) belongs to 
the algebra £>£. Since g(t)* = g(—t) and g(t + s) = g(t)g(s), by putting 

v m = I pt^e-^^dt, g{m) = [ g^e'^^dt for m G Z. 

one has w m = vg(m). By a similar argument to the proof of [Ma5:Lemma 4.2], one 
has the assertions (1),(2),(3), (4) and (5). 
(ii) Put for p G B n (X £ ), 

v„ = E(S*v), v- li = E(vSJ. 

By a similar argument to the proof of [Ma5:Lemma 4.3], one has the assertions 
(1), (2), (3) and (4). □ 

For u G N s {Os,,T>z), let r u : X u — > Y u be the induced homeomorphism. 

Lemma 4.3. Keep the above notation. For x = (x n ) n6 N G X u with x n = (ct n , u n (x)), 
u n (x) = (u l n (x))i e z + , put y = (y n )n€N = t u (x) G Y u , where y n = (p n ,u n (y)), 
u n(y) — (u l n (y))i e z + - For a fixed integer I G Z+, take i(x n ) G {1, . . . ,m(l)} and 
i(y n ) G {l,...,m(/)} such that v\ {xn) = u l n (x) and v\^ yn ) = u l n (y) respectively. 
Then we have 

\\ E l(y n )Sp 1 ... f3n uS ai ... an El {x J\ = 1 for all n G N. 

Proof. It suffices to show that E l i{yn) S* Pi ,.. f3n uS ai ... an E l i(Xn) ^ 0. Since v\ {yn) = 
u l n (y), one sees that E l ^ y ^e as .n^ = e as .n^ so that 

( E \{ yn ) S } 1 ---l3 n uS oL 1 ---oL n E\ {Xn) Sl i ... an u*S^ | e a&n{y) ) 

=(Ad{u){S ccl ... otn E\ {Xn) S* ai ... oln )Sp 1 ...p n e (Jsin{y) | 5 , /3l ... /3 „e (T£ «( y )) 

=(Ad(u){S ai ... ari E l i(Xn) S* i ... a Je y | e y ). 
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Consider the cylinder set 

U ai -a n M t , = {(7™>«m)meN £ AT £ | 7l = «1 , • • • , In = «„, = 1>L)} 

of A £ . As S ai ... an E l i(Xn) S* ai ... an = Xu n vl and 

■(%) 

Ad(u)(xt/ , )e„ = (xu i °Tu 1 )(y) e v = Xu , (x)e w = e„, 

we have 

(^\y„)^l---/3„ W ^ai---a™^Xx„)^a 1 --- a „ W *^i---/3„^Xy„) e <Tfl"(y) I e °-£™(y)) = (^y \ e y ) = 1 

so that £l xSS fl uS a ,... a El ^ 0. □ 

Lemma 4.4. ifeep £/ie above situation. Assume in particular that u G JFg. TTien 
t/iere exists fe G N swc/i t/iat for all x = (x n ) ne ^ G X u 

T u (x)n = a^n for all n > k 
where t u (x) = (r u (x) n ) neK . 

Proof. Suppose that for any k G N there exist x G X u and N > k such that 
t u ( x )n 7^ xn- Put y n = T u (x) n ,n G N. Now it G -7-£ so that take uq G J 7 ^ 
for some fc < lo such that ||u — u \\ < \- Take a; G A^ and A > ko such 
as yjv 7^ x No . Since xat = (a No ,u No (x)),y No = (f3 No ,u No (y)) and itjv (a;) = 
(u l No (x))i£]$, u No (y) = (u l No (y))i eK G 2 , one has «at 7^ (3 N() or there exists /1 such 
that u l No (x) ^ u l N() (y) fo all / > h. As u 1 Nq (x) = v l i(xNo) ,u l No (y) = ^ (yjVo) , the later 

condition is equivalent to the condition that E 1 ., >. 7^ E l , , fo all I > U. Now 

J (x JV() ) 1 i(yN ) — 1 

u G Fi° C ^ 0_1 , where Zq = / + A - 1 - k , it is written as 

E ^U^Efs^e^- 1 for some c u , v G C. 

iV -i(X A ),j = l,...,m(Zo) 

Hence we have 

5 '/3i---/3 J v _i M o5'ai---a J v _i 
m(«o) 

= E/ C /3i'"/3jv -i J,ai---aN - 1 S/3 1 ...j3 No _ 1 Sp 1 ...p No _ 1 Ej°S ai ... aNQ _ 1 S ai ... aNo _ 1 . 
J = l 

Take an integer Z' x such that l[ > max{Ii,I[,} and hence the condition otN 7^ [3n 
or E'' 1 s • E l 'j s = holds. It follows that 

/' /' 

\ ^ _ pn c* c p'o c* c 77^1 

~~ C / 3 i---/ 3 iv -iJ>i---ajv -i- C/ i(y JV() ) o /3i---/3 J v ^/3i---/3jv -i- C/ j %-Qjv _ 1 ai-ajv £ 'i( a : JVo )' 

J = l 
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Since S* Pi ... /3No _ i S f3l ...p No _ 1 E l P S* i ... aNo _ i S ai ... aNQ _ 1 belongs to P £ , one has 
l' i' i' 

E i(yN ) S k---pN S Pi---pN -i E j° S a 1 ---a No - 1 S a 1 ---a No E i 1 {xNo) = 0, j = l,...,m(/ ) 

because aiv n ^ /?jv n or i?.} v • E 1 .} >. = 0. This implies that 

V I' 

E i\yN ) S k-t3N Q u Q S <*i-c*N E i\ XNo ) = 

so that 

i' i' 

a contradiction to the preceding lemma. □ 
Thus we have 

Lemma 4.5. For a partial isometry u G Tz satisfying 

uV z u* C £>£, u*V Q u C Vq, 

let t u : supp(-u*ti) — > supp(im*) 6e t/ie homeomorphism defined by Ad(u)(g) = 
g o t" 1 /or g G Vqu*u. Then there exists k u G N swc/i £/ia£ 

^"(^(^O) = a £ U ( X ) / 0r X ^ SUpp(tt*w). 

Therefore by Lemma 4.2 and Lemma 4.5 we have 

Proposition 4.6. For any v G N s (Oq,Vq) , the partial homomorphism t v induced 
by Ad(v) on Vq gives rise to an element of the topological full inverse semigroup 
[o\c] sc . If in particular v belongs to N(Oq,Vq), then t v belongs to [as\ c . 

Proof. The argument of the proof is the same as that of [Ma5; Proposition 4.7]. □ 

The unitaries U(T>z) are naturally embedded into iV s ((9£, "Dc). We denote the 
embedding by id. For v G N s (Oq,Vq), the induced partial homemorphism t v on 
Xq gives rise to an element of [o\c] sc by the above proposition. We then have 

Theorem 4.7. The diagrams 

1 U{V Z ) — ^— N(0 & ,Vq) — [a £ ] c > 1 

1 U{V Z ) — ^ N s (0 & ,Vz) — [a & ]sc 1. 

are all commutative, where two vertical arrows denoted by i are inclusions. The 
first row sequence is exact and splits as group, and the second row sequence is exact 
and splits as inverse semigroup. 

Proof. By Proposition 4.6, the map r : v G N s (Oq,T>q) — > r v G [cre] sc defines a 
homomorphism as inverse semigroup such that t{N(Oq^T>^)) = [<7c] c . It is surjec- 
tive by Proposition 4.1. Suppose that r v = id on Xq for some v G N s (Oq,Vq). 
This means that Ad(v) = id on Vq. Hence v commutes with all of elements of T>£. 
By Lemma 2.1, v belongs to Vq. Therefore the second row sequence is exact. Sim- 
ilarly, the first row sequence is exact. As in Proposition 4.1, the partial isometry 
u T for t G [o"£] sc defined by u T e x = e T ( x ), x G X T C Xq gives rise to sections of the 
both exact sequences. Hence the both row sequences split. The commutativity of 
the diagrams is clear □ 
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5. Orbit equivalence of (X^ac) 

In this section, we will study orbit equivalence between two dynamical systems 
(X£ 1 ,<T£ 1 ) and (Xc^oeJ defined by A-graph systems £1 and £ 2 respectively. 
Definition. For A-graph systems £1 and £2, if there exists a homeomorphism 
h : X^ — > Xq 2 such that h(orb a&i (x)) = orb a&2 (h(x)) for x G X^, then (^Cc 17 cr^J 
and (Xz 2 , o~£ 2 ) are sa id to be topologically orbit equivalent. In this case, there exist 
functions fei, l\ : X^ 1 — > Z + and k 2 , l 2 '■ Xq 2 — > Z + satisfying 



(5.1) 



alf\h(a^(x))) = * l £ x \h(x)) for x G X £l , 
4f\h-\a^{ y ))) = <T l ^ y \h-\y)) foryeX £2 . 



We say that (X^, cr£ 1 ) and (Xc 2 , ^x^) are continuously orbit equivalent if there 
exist continuous functions fei, h '■ X^ — > Z + and k 2 , l 2 : Xq 2 — > Z + satisfying the 
equalities (5.1). 

The following lemma is straightforward. 

Lemma 5.1. If h : X^ — > JTc 2 is a homeomorphism satisfying a^\h(a£ 1 (x))) = 
a l ^\h(x)), x G Xq 1 for some functions k, I : X^ — > Z + , then by putting 



n—l n—l 



7 = 7 = 

u>e /iai/e 

Lemma 5.2. 7/ /i : X £l — > X£ 2 zs a homeomorphism satisfying (5.1), then it 
satisfies 

h(orb a&i (x)) = orb a&2 (h(x)) for x G X £l . 
Hence continuous orbit equivalence implies topological orbit equivalence. 
Proof. By the preceding lemma, one has 

h(a^(x)) C a-^ {x) (a2 X \h(x))), x G X £l ,n G N 

so that h(a , Q i (x)) C orb cr&2 (h(x)). For (z±, ... , z m , xi, x 2 , . . . ) G cr^^x), where a; = 
(x n ) n6 N, one has a m (zi, . . . , z m , x\, x 2 , . . . ) = a; and hence h(zi, . . . , z m , xi, x 2 , . . .) G 
<T £ 2 Zl ^^s^ 1 (h( x ))- This implies that h(orb a£ . i (x)) C orb as . 2 (h(x)). 

One similarly has the inclusion relation h~ 1 (orb az (y)) C or6 cr£ (h~ 1 (y)) for 
y G X £2 by considering /i -1 as /i in the above discussion. This implies that 
orb a&2 (h(x)) C h(orb a&i (x)) for x G X £l so that h(orb asii (x)) = orb a&2 (h(x)). □ 

Proposition 5.3. if t/iere exists a homeomorphism h : Xq x — > X% 2 such that 
ho [o"£ 1 ]sc = [c"2 2 ]sc; ^en (X£ 1 ,cr £l ) and (X£ 2 ,cr£ 2 ) are continuously orbit 
equivalent. 

Proof. Let us denote by {v\ , . . . , f^( 2 )} the ver tex set V2. For i = 1, . . . , m(2), let 
B 2 (vf) be the set of all admissible words of length 2 terminating at vf. That is 

B 2(vf) = {(fiufiz) G B 2 (X A ) (there exist e x G E 0)1 ,e 2 G £i, 2 ; 

A(ei) = A*i,A(e 2 ) = fj, 2 , t(ei) = s(e 2 ),t(e 2 ) = vf}. 
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For /it G B 2 (vf), by Lemma 3.1, there exists r M G [crejsc such that r M (x) = o-q(x) 
for x G U^ v i. Put r^ iAt = h o TfI o h~ x e ho[ 

°~£,\\sc ° ^ — [ cr £ 2 ]sc- There exist 

k r h ,^,lr h ^ ■ h(U^ v 2) -> Z + such that 

For x G U^ v 2, one has Th !fl (h(x)) = ho r fl (x) = ho a£ 1 (x) so that 

fc T , , , . . l T . <h(x)) , , . . 

a £2 ^ ' J (ftoa £l (x))=^ 1 "(/»(*)). 16^. 
Since is a disjoint union U™-^ ^fieB 2 {v 2 ) U^ v ?, by putting 

k 1 (x) = k Th ^ i (h(x)), h{x) = l Thfi {h{x)) forxeU^, 
we have continuous functions ki,l\ : Xq x — > Z + satisfying 

al\ {x \h o a Sl (x)) = <r£ x) (h(x)), xeX Sl . 
We similarly have continuous functions k 2 , l 2 '■ X% 2 — > Z + satisfying 
ag'Hh- 1 o az 2 (y)) = a l ^\h-\y)), y G X &2 . 

Hence (X^^cr^J and (X£ 2 ,(j£ 2 ) are continuously orbit equivalent. □ 
Conversely we have 

Proposition 5.4. If (X^, a^) and (X£ 2 ,cr£ 2 ) are continuously orbit equivalent, 
then there exists a homeomorphism h : X% 1 — > Xq 2 such that h o [ag^sc ° h~ x = 

[°~£ 2 ]sc- 

Proof. Suppose that there exist a homeomorphism h : Xq x — > Xq 2 and continuous 
functions fci, l\ : Xq 1 — > Z + and k 2 , l 2 '■ X% 2 — > Z + satisfying (5.1). For n G N, let 
kiJi : Xq 1 — > Z + and k 2 , l 2 : X% 2 — > Z + be continuous functions as in Lemma 
5.1 such that 

(5.2) a^ x \h(a^(x)) = a^ x \h(x)) t ^{h' 1 (a% 2 (y)) = \h~\y)) 

for x G Xq x and y G Xq 2 . For any r G [crejso there exist continuous functions: 
k T ,l T : — > Z + such that 

(5.3) a k £ f\r(x))=a l ^ x \x), x G X T . 

For y G h(X T ), set a; = h~ 1 (y) G X T . Put m = k T (x). By (5.2) and (5.3), one has 
ag (T(!B)) (Mr(x)) = a k l^\h{^Mx))) = af^\h{a l ^\x)) 

k n (x) 

Put n = l T (x) G N. By applying to the above equality, one has by (5.2) 

^wwh.)) ()i(t(i)) 

^W))^)^- (,))) = „£««»„£<•>(*(*)) = a^«*»«<'>(k(*)) 
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and hence 

a £( X ) + lT(T( X )) {h Q T Q h - 1{y)) = a K{r {x))+q{x){yy 

By setting for y G h(X T ), 

k h T (y) = W{x) + lf{r{x)) = k l ^ h ~^ y) \h-\y)) + ^"^(r^G/))), 
l h T (y) = K{t{x)) + = k k ^ h ~ 1{y) \r{h-\y))) + l 1 ^" {y) \h~\y)\ 

one has 

a k l {y \h o r o fc-^y)) = a l l iy) (y) for y G h(X T ) 

so that hor o h~ x G [o\£ 2 ] sc and hence /i o [<7£ 1 ] sc o c [o\c 2 ] sc . Similarly one has 
/i -1 o [a£ 2 ]sc °h C [a £l ] sc and concludes h o [cr £l ] sc o hr 1 = [a£ 2 ] sc . □ 

Proposition 5.5. If there exists an isomorphism ^ : Oq 1 — > Oq 2 such that 
^ r (I>£ 1 ) = T>£ 2 , then there exists a homeomorphism h : X^ 1 — > Xq 2 such that 
h o [a &1 ] sc o h~ x = [cr£ 2 ] sc . 

Proof. Suppose that there exists an isomorphism \1/ : Oq 1 — > Oq 2 such that 
^("DcJ = X>£ 2 . By the split exact sequences 

1 — U(V £i ) — AT s ((9 £i ,P £i ) — [<r £i ] sc — 1, z = 1, 2 
of inverse semigroups, one may find an isomorphism \1/ : [o^-Jsc — > [o~£ 2 ]sc 

of 

inverse semigroup such that the following diagrams are commutative: 

1 U(V £l ) — ^— N a (0 £l ,V £l ) — ^— [<r £l ]sc 1 



*b(T5 £l ) 



1 ► U{V Z2 ) — ^— N s (0 Q2 ,V Q2 ) — ^ [o- &2 ] sc > 1. 

For v G iV s (C^ , X)^ ) , take the partial homeomorphism r„ : X„ — > F„ satisfying 
)(/) = / o r" 1 for / G C(X„). Let /i : X Sil — > Xq 2 be the homeomorphism 
satisfying *(/) = f o h' 1 for / G C(X £l ). For # G C(/i(X„)), we have 

fo^jor^^oAor^o/i, and Ad(f = 50^. 

By the identity * o o = Ad(^(v)), one has 

goho T ~ 1 oh = go r~( v)) for # g C(h(X v )). 

Hence h o t v o h~ x = T\&( v y As [cr£j sc = {t v \ v G iV^CJjv, 2} £i )}, z = 1,2, one sees 
that h o [oejsc o hr 1 = [cr£ 2 ] sc . □ 

Proposition 5.6. /f (X£ 1 ,cr£ 1 ) and (Xc 2 ,cr£ 2 ) are continuously orbit equivalent, 
then there exists an isomorphism ^ : £l — ► Oq 2 such that ^ r (X>£ 1 ) = T>£ 2 . 

Proof. The proof is essentially same as the proof of Proposition 4.1 and [Ma5: Proposition 
5.5]. We omit its proof. □ 

Therefore we have 
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Theorem 5.7. Let £1 and £2 be X-graph systems satisfying condition (I). The 
following are equivalent: 

(1) There exists an isomorphism ^ : Oq 1 — > Oq 2 such that ^ r (X>£ 1 ) = T>z 2 . 

(2) (Xe^ocJ and (J£ 2 ,a£ 2 ) are continuously orbit equivalent. 

(3) There exists a homeomorphism h : Xq 1 — > Xe 2 snc/i that ho [crg^sc o h~ x = 

[&£ 2 ]sc- 

Example. 

Let G = (V,E) be a finite directed graph with V = {i>i,i> 2 } and E = {e,f,g} 
such that 

s ( e ) = t( e ) = s (f) = t(g) = v u t(f) = s(g) = v 2 . 

Put the alphabet sets Si = {1,2} and E 2 = {«,/?}. Define two labeling maps 
Xi : E — ► E i? i = 1, 2 by setting 

A 1 (e) = A 1 (/) = l, A 1 (^) = 2, A 2 (e) = «, \ 2 (f) = \ 2 (g) = 0. 

Let us denote by C/j the labeled graph (G, Aj) over Ej for i = 1,2. Hence their 
underlying directed graphs are both G. The labeled graphs C?i and £2 have its 
adjacency matrices as 



1 r 




a 




2 


1 








respectively Let £j = (V^ l \ E^\ X^\ Ej) be the A-graph systems associated to the 
labeled graphs Gi for i = 1,2 respectively. They are defined by setting 

<i = ^ ^gVi = ^ ^) = A, 

for all / G Z_|_ and z = 1,2. We then have fi^ = V = {i>i,i> 2 },z = 1,2. The 
correspondence: 

(1, i7i ) -> (a, ui), (1, u 2 ) -> (/?, u 2 ), (2, ui) -> (/?, ui) 

yields a homeomorphism ft : — > X& 2 that gives rise to a continuous orbit 
equivalence between (Xc 1 ,<7£ 1 ) and (X£ 2 ,0£ 2 ). One indeed sees that the G*- 
algebras C?£ 1 and 0£ 2 are both isomorphic to the Cuntz-Krieger algebra Op where 

F = \ q , although the subshift presented by the A-graph system £ 2 is the even 

shift that is not a Markov shift. 

6. Orbit equivalence of the factor map -k^ : X% — > Xa 

For a A-graph system £ over E, let A be the subshift presented by £. Then 
we have a factor map tt^ : (-X£,cre) — ► (X\,a\). In this section, we will study 
orbit structure between two dynamical systems (Xq, erg) and (X\, a a) through the 
factor map 7r^. 

Lemma 6.1. ■K^{orb Us .{x)) = orb aA (ii^(x)) for x G Xq. 

Proof. Take an arbitrary element x = (x n ) ne ^ G Xq. For w G orb aa (x), we have 
w = (zi, ...,z k , x t+ i,Xi +2 , . . . ) G Xq for some z\ ■ ■ ■ z k G B k (X Q ) and / G Z + . It is 
easy to see that 

tt%(w) G a7 fc (ai(7r^(x))) C o^Jyrf (x)). 
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Conversely, put (a n ) ne ^ = ir^(x). Each element a G orb aA (7t^(x)) has of the form 
a = (71, . . .,7fc,ai + i,a I+2 , . . .) G X A for some 71 • • - 7*. G S fc (X A ) and / G Z+. Put 
= v o( a s,( x )) G O^. Since £ is left-resolving, there uniquely exists v—i G 0£ 
such that (v-i, 7fc, i>o) G Inductively there uniquely exist v_2, V-3, . . . , v-k G 
fi £ such that (v-i, ^-(i-i), v -(i-i)) G i?£ for % = 1,2, ... ,k. Put z k -(i-i) = 
(7fc_(i_i),u_(i_i)) for i = 1,2,..., A; so that iu = (zi, . . . , z fc , xj+i, xj +2 , • • • ) G X £ 
and ir\(w) = a. Since w G ^^(^(aO) C or6 (j£ (x), one has a G 7r A (or& CT£ (#))• □ 

For A-graph systems £1 and £2, let Ai and A 2 be the subshifts presented by £1 
and £2 respectively. 

Definition. Two factor maps 7r A * and 7r A ^ are said to be continuously orbit equiv- 
alent if there exist homeomorphisms /i£ : X% 1 — > and h\ : X Al — > X\ 2 
such that o /i £ = /i A o 7r A ^ and continuous functions fei,/i : — > Z + and 
^2, ^2 : Xq 2 — > Z + such that 

(6.1) alf\hzooz 1 {x)) = af 2 x \hz(x)), x G X £l 

(6.2) a^ ) (/,- 1 oa £2 ( ?/ )) = 4f ) (/,- 1 ( 2/ )), yGl £r 
We note that the equalities (6.1) and (6.2) imply 

(6.3) hs,{orb asii {x)) = orb asi2 (h c (x)) for x G X £l . 

Lemma 6.2. Suppose that two factor maps 7r A * and 7r A ^ are continuously orbit 
equivalent and keep the above notation. Then we have 

(i) 

< ( %A o a Al (*£(*)) = ^(^(^(x)), x G X £l , 
^(^X 1 °*A a «'(!/)) = ^(^V^G/)), y G X £2 . 

(ii) 

h A (orb aAi (a)) = oro^ (h A (a)) for a G X Al . 

Proof, (i) follows from (6.1) and (6.2), and (ii) follows from (6.3). □ 

The following lemma is direct. 

Lemma 6.3. Two factor maps 7r A * and 7r A ^ are continuously orbit equivalent if 
and only if there exists a homeomorphism : Xq 1 — ► Xq 2 that yields a con- 
tinuously orbit equivalence between (X£ 1 ,cr£ 1 ) and (X£ 2 ,cr£ 2 ) and there exists a 
homemorphism /i A '■ X Al — ► Xa 2 such that 7r A ^ o = h A ?r A * • 

We note that the factor map 7r A : ATc — > X A induces an embedding of C(X\) 
into C(Xq), that corresponds to the natural embedding of D A into £>£. Let 
N s (Oq, ID A )be the set of all partial isometries v G Oq such that vDav* C D a 
and r*D A w C D A . 

Lemma 6.4. N s (Oq,®a) C AT S (£>£, £> £ ). 

Proof. For r G N a (Oa, D A ), and x G T>£, a G ID a, we have 

vxv*a = vxv*avv* = vv*avxv* = avxv* 

so that vxv* G ID a' H C £ = £>£. Hence vVqv* C X>£, and similarly v*V z v C £>£. 
This implies that v e N s {Oz,Vq). □ 

Suppose that both A-graph systems £1 and £2 satisfy condition (I). 
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Lemma 6.5. If there exists an isomorphism ^> : Oq 1 — > Oq 2 such that = 
D A2 , then^(V &1 ) =V C2 . 

Proof. Suppose that ^(IDaJ = 3)a 2 - For x G Vq 1 and b G £>a 2 , take a G S)a 1 such 
that *(a) = b. It then follows that 

\fr(x)b = ^(xa) = fy(a)^(x) = b^(x) 

so that ty(x) commutes with all elements of 25 a 2 ? an d hence ^(x) G T>£ 2 . This 
implies that *(£>£j C Vq 2 . Similarly we have * _1 (X> £2 ) C £> £l so that ^(V &1 ) = 
Vs> 2 . □ 

Theorem 6.6. Let £i and £2 be X-graph systems satisfying condition (I). Let X\ t 
and X^ 2 be their respect right one-sided subshifts. The following are equivalent: 

(i) There exists an isomorphism ^ : Oz x — > Oq 2 such that ^/(DaJ = Da 2 - 

(ii) The factor maps tt^ 1 and nf 2 are continuously orbit equivalent. 

(hi) There exist homeomorphisms h& : Xq 1 — > X& 2 and /ia '■ X Al — > X\ 2 
such that 7r^ o /i£ = /i A o and hz [c£i]sc h^ 1 = [o"£ 2 ] sc . 

Proof, (ii)^ (iii): The equivalence between (ii) and (hi) comes from Lemma 6.3. 

(i)=^(iii): Suppose that there exists an isomorphism \1/ : Oz x — > Oq 2 such that 
*(2)aJ = 2Da 2 - By Lemma 6.5, one has ^(V ai ) = Vq 2 . Let hz : X Sl ->■ Xq 2 
be the homeomorphism induced by \1/ : T>q 1 — > Vq 2 such that ^(f) = f ° h~ x 
for / G T)z x . Then h% satisfies h o [cr^sc h~ l = [o£ 2 ] sc by Proposition 5.5. 
Since ^/(DaJ = £>a 2 , there exists a homeomorphism h\ : -X"ai — ► -^A 2 such that 
h\ o tt^I = wfl o h & . 

(h)=^(i): Suppose that the factor maps and 7r^ are continuously orbit equiv- 
alent. Since (X^, crgj and (Xc 2 , or£ 2 ) are continuously orbit equivalent, by Propo- 
sition 5.6 there exists an isomorphism \I/ : Oz x — ► C*£ 2 suc h that ^ r (X>£ 1 ) = £>£ 2 
and = / o h^ 1 for / G "Z^d- For g G S)ai, one sees that g o 71^ G so that 

*(<7 °*Zl)=9° tt£ ° ^ = 9 ° ^ < 2 

This means that ^(DaJ C 2Da 2 , and similarly ^~ 1 (Da 2 ) C 2) Al - Therefore we 
conclude that *(DaJ = £>A 2 - □ 

7. Orbit equivalence of one-sided subshifts 

Let A be a two-sided subshift over £ and Xa its right one-sided subshift. The 
canonical A-graph system £ A for A is defined as in the following way ([Ma2]). For 
a = («n)neN £ X\ and / G Z+, denote by Pz(a) the predecessor set of length / of a, 
that is 

Pi(a) = {(^1,...,^) G Bi(X A ) I (//!,..., ^,01,02,...) G X A }. 

Two sequences a = (a n ) ne ^ and b = (b n ) ne ^ in Xa are said to be /-past equivalent 
if Pi(a) = Pi(b), and written as a ~ 6. The equivalence class of a in X A / ~ is 

denoted by [a]/. The vertex set V; of the A-graph system is the set X\/ ~. We set 

u'(a) = [a]i. Then (u'(a))/ e z + defines an t-orbit of f^A, denoted by v(a). An edge 
labeled a from v l {a) to -i/ +1 (6) is defined if a ~ (a, 61, 62, • • • ), where 6 = (6 n ) n6 N- 
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Lemma 7.1. For a = (a n ) ne ^ G X\, (a n ,v n (a)) ne ^ defines an element of X^a. 

Proof. For each tiGN and I G Z + , there is a unique edge from [(a n , a n+ i, ...)]/ G V\ 
to [(a n+ i,a n+2 , • • G V z+ i labeled a n . Hence (v n _ 1 (a),a n ,v n (a)) belongs to 

E^a for all n G N, so that (a n , v n (a)) n ^ defines an element of X £ a. □ 

We put the embedding of Xa into X^a : 

la : a = (a n ) n6 N G Xa — > (a n , D n (a)) n6 N G Xqa. 
It is straightforward to see that the following lemma holds: 

Lemma 7.2. The map la '■ Xa — > Xqa is injective and la{Xa) is dense in Xqa. 

We endow Xa with a new topology induced by the injection la '■ Xa — > X^a, 
which is the weakest topology for which la is continuous. Denote by Xa the topo- 
logical space Xa with the topology. If A is a topological Markov shift, the induced 
topology of Xa coincides with the original topology of Xa- 

Lemma 7.3. The topological space Xa is generated by the clopen sets of the form 
fl a A k (a l A (U u )) for \i G Bk(X\), v G Bi(Xa) with k < I. Hence the correspon- 
dence Xjj ncr -fc(y ^ < — > S^S*S^S* yields an isomorphism between C(X\) and 

V z a. 

By the above lemma, we know that C(X\) is isomorphic to C(X S/ a). 

Let Ai and A 2 be subshifts, and Xa 1 and Xa 2 their right one-sided subshifts. 
Definition. The subshifts (Xa 1 , caJ and (X\ 2 , <7a 2 ) are said to be X- continuously 
orbit equivalent if there exists a homeomorphism h : Xa 1 — > Xa 2 , that is also 
homeomorphic from Xa 1 — > Xa 2 and there exist continuous functions ki,l± : 
Xa 1 — > and fc 2 , £2 '■ Xa 2 — > such that 

(7.1) a k A \ {a \h o ffAl (a)) = a A f\h(a)) for a G X Al 

(7.2) ^{h- 1 o <jaM) = *K?\h-\b)) for b G X A2 . 

We note that the conditions (7.1) and (7.2) imply that 

h(orb aAi {a)) = orb aA2 (h(a)), h~ x (orb 0A2 (b)) = or6 ffAi (^ _1 (6)) 
for a G Xa 1 , b G Xa 2 ■ 

Lemma 7.4. Let £i and £2 be the canonical X-graph systems for Ai and A2 re- 
spectively. The following are equivalent: 

(1) The subshifts (Xa 1 , ctaJ and (X\ 2 , o~a 2 ) are X- continuously orbit equivalent. 

(2) The factor maps tt a ^ and tt a ^ are continuously orbit equivalent. 

Proof. (2) =>- (1) is clear. 

(1) =>- (2): It suffices to show the equalities 

a^ x \h(a Ql (x))) = a l ^ x) (h(x)), for x G X Ql 

o k l {y \h-\ozM)) = 4l V \h-\y)), for y G X Z2 . 
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For x G X^, put k = ki(x),l = h(x). Since ki,l\ : X% 1 — > Z + are continuous, 
the set U = {z G X% 1 \ k\(z) = k,l\(z) = /} is a clopen set in X^. Since X\ t is 
dense in X^ 1 through t Al , one sees x G U with U fl X Al 7^ and the equality 

a k £ f\ha £l (x)) = 4 { 2 X \h(x)) for x G X £l 
holds because the equality holds for elements of Xa x - We similarly have the equality 

a^ih-'azM) = 4l y \h-\y)) for y G Xq 2 . 

Hence the factor maps 7r A | and n A2 are continuously orbit equivalent. □ 

Therefore we conclude: 

Theorem 7.5. Let Ai and A2 fee subshifts satisfying condition (I). The following 
are equivalent: 

(1) There exists an isomorphism ^ : — ► Oa 2 such that ^/(DaJ = D\ 2 . 

(2) The subshifts (X Al , uaJ and (X\ 2 , cta 2 ) are A- continuously orbit equivalent. 

Let A = [A(i, j)]fj=\ be an N x N matrix with entries in {0,1}. The Cuntz- 
Krieger algebra Oa is generated by partial isometries Si, . . . , SW satisfying X^jLi SjSj = 
1, S*Si = XljLi j)SjS* , z = 1, . . . , N. The C*-subalgebra generated by projec- 
tions S 1 * • • • <S , * 1 S , Ml • • • S^, /xi, . . . , n n G {1, . . . , A^} is canonically isomorphic to 
the commutative C*-algebra C(Xa), that is denoted by Da- 

Corollary 7.6 ([Ma4]). Let A and B be square matrices with entries in {0,1} 
satisfying condition (I) in [CK]. Then the following are equivalent: 

(1) There exists an isomorphism ^ : Oa — > Ob such that ^(Da) = D b- 

(2) {Xa.cta) and (Xb,o~b) are continuously orbit equivalent. 

Proof. For a topological Markov shift (Xa, o~a), the topology on Xa coincides with 
the original topology on Xa- Let A a be the two-sided topological Markov shift for 
the matrix A. Then X Aa = Xa and Oa a = Oa so that the assertion holds. □ 

Two one-sided subshifts (ATa^ctaJ and (ATa 2 ,ota 2 ) are said to be topologically 
conjugate if there exists a homeomorphism h : X^ — > X\ 2 such that a\ 2 o h = 
ho a An and the homeomorphism h is called a topological conjugacy. One can prove 
that topological conjugacy gives rise to a A-continuous orbit equivalence. Hence we 
have. 

Corollary 7.7([Ma3]). Suppose that both subshifts Ai and A2 satisfy condition 
(I). Let h : (Aa^oaJ — > (Xa 2 ,o"a 2 ) be a topological conjugacy of one-sided sub- 
shifts. Then there exists an isomorphism ^ : 0\ x — > 0\ 2 such that ^/(DaJ = Da 2 - 
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